We formulate the notion of the Finsleroid-Finsler space, including the positivedefinite as well as indefinite cases. The associated concepts of angle, scalar product, and the distance function are elucidated. If the Finsleroid-Finsler space is of Landsberg type, then the Finsleroid charge is a constant. The Finsleroid-Finsler space proves to be a Berwald space if and only if the Finsleroid-axis 1-form is parallel with respect to the associated Riemannian metric and, simultaneously, the Finsleroid charge is a constant. The necessary and sufficient conditions for the Finsleroid-Finsler space to be of the Landsberg type are found, which are explicit and simple. The structure of the associated curvature tensors has been elucidated.
Introduction and synopsis of conclusions
The ideas and methods of the Riemannian geometry admit ingenious successful metric extensions by using various Finslerian metric functions (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). The Finsleroid-type metric function K, which properties have been systematically exposed in the previous work [12] [13] [14] , is interesting because of entailing numerous remarkable implications, including the positive-definiteness, the constant curvature of the indicatrix, the special algebraic form of the Cartan tensor, the occurrence of the angle and scalar product, the particular conformal properties, the distance as well as the explicit solutions to the geodesic equations in the respective Finsleroid-Minkowski space, etc. The Finsleroid is the unit ball defined by the function K under treating K as a Minkowskian norm. The respective Finslerian indicatrix is the boundary of the Finsleroid, which is strongly convex and rotund.
Below we introduce an appropriate extension to work on curved manifolds, such that the Finsleroid-Minkowski structure gets placed on each tangent space. Namely, given a Riemannian space under assumption that the space admits a 1-form, we use the involved Riemannian metric S and the 1-form, introducing also the scalar g which plays the role of the Finsleroid charge, to construct on the Riemannian space the Finsleroid-Finsler metric function K such that in each associated tangent space the vector entering the 1-form plays the role of the axis of the Finsleroid. We call the result the Finsleroid-Finsler Space, the F F P D g -space for short. The space thus appeared is actually some structure over a Riemannian space. Whenever g = 0, the Finsleroid is the Euclidean unit ball and whence the F F P D g -space is a Riemannian space. Clarifying and studying the entailed Finslerian geometric structure, the connection and curvature included, seems to be an urgent task. First of all, it is of interesting to clarify the Berwald and Landsberg types among the metric functions of the F F P D g -space, for the types play an important role in the modern Finsler geometry (see [7] [8] [9] 15] ) and sound intriguing to apply in developments of physical applications. Accordingly, we start with raising up the following questions.
QUESTION 1. Do there exist non-trivial conditions under which the FinsleroidFinsler space is a Berwald space?

QUESTION 2. Can the Finsleroid-Finsler space be of Landsberg type and not of Berwald type?
Let {A ijk } denote the Cartan tensor and A i := g jk A ijk be the contraction thereof by means of the Finslerian metric tensor. Among the conditions A jmn|i = 0, (1.1)
2)
A jmn = 0, (
3)
A j = 0 (1.4) the last one is obviously weakest. We shall comply with the notation adopted in the book [7] , so that the bar means the h-covariant derivative, the dot over A stands for the action of the operator |il i , where l i = y i /K, and the indices i, j, . . . refer to natural local coordinates (denoted by x i ); the notation y is used for tangent vectors;
for any tensor X. For purposes of calculations performed below, the smoothness of the class C 3 is sufficient for the associated Riemannian space R N as well as for the input 1-form b = b i (x)y i and the scalar g(x). The upperscript "PD" emphasizes the PositiveDefiniteness (see the determinant value (2.25) in Section 2) of the F F P D g -space under study.
A Finsler space is said to be a Berwald space if the condition (1.1) holds. A Landsberg space under the Finslerian consideration is characterized by the condition (1.3).
INITIAL OBSERVATIONS. If the weakly Landsberg condition (1.4) holds, then the Finsleroid charge is independent of points x of the background manifold:
(1.6)
The weakly Landsberg condition (1.4) entails the Landsberg condition (1.3) , and the weakly Berwald condition (1.2) entails the Berwald condition (1.1).
A mere glance at the algebraic structure (2.27)-(2.28) of the F F P D g -space Cartan tensor is sufficient to recognize the validity of these assertions.
Below, we shall confine the treatment to the dimensions N ≥ 3, (1. 7) keeping in mind that the two-dimensional F F P D g -space is of simple structure (we shall present required notes in the last section Conclusions).
In our consideration, an important role will be played by the lengthened angular metric tensor
which fulfills the identities
h ij is the traditional Finslerian angular metric tensor (see (2.24) ). We set forth the following theorems. takes place, where
Here, q is the quantity (2.3) and ∇ stands for the covariant derivative with respect to the underlined Riemannian metric S.
Whenever the Finsleroid charge is a constant, all the three identitieṡ A j y j = 0,Ȧ j A j = 0,Ȧ j b j = 0 (1.12) are fulfilled. Indeed, the first identity is universal for any Finsler space. In the F F P D gspace, the contraction A h A h is a function of the Finsleroid charge g (see (2.28)), so that whenever g = const we must haveȦ j A j = 0. The third identity is a direct implications of the first and second ones because A i are linear combinations of y i and b i (see (A.7) in Appendix A).
Comparing (1.12) with (1.9) gives a handy clue to search for the objectȦ i of the F F P D g -space to be a contraction of the tensor H k i by a vector. The straightforward and attentive (and rather lengthy) calculations result in (1.10) and (1.11)); the vanishing
(the vector b i is of the unit Riemannian length according to the formula (2.5) of the next section) nullifies many terms appearing while calculating. In particular, applying (1.13) to (1.11) results in
(1.14)
Let us turn to the Berwald condition.
Theorem 2. Under the conditions set forth in this theorem, the hh-connection and the hhcurvature tensor are the Riemannian connection and the Riemannian curvature tensor produced by the input Riemannian metric S, and the hv-curvature tensor P vanishes identically; at the same time, the basic Finslerian metric tensor remains being non-Riemannian (unless g = 0). Theorem 2 is a particular case of the following. 
and obeying the condition
with a scalar k = k(x).
In such a space, it proves possible to obtain a simple explicit representation for each distinguished Finslerian tensor. In particular, we have the following. Theorem 4. In any Landsberg case of the F F P D g -space, the tensor
is of the special algebraic form
and therefore,
In (1.16), (1.18), and (1.19), the case k = 0 corresponds to the Berwlad type. In the above formulae, K is the Finsleroid metric function given by (2.14)-(2.18) and B is the characteristic quadratic form (2.11). The formula (1.18) is remarkable in that the tensor (1.17) is lucidly constructed in terms of the lengthened angular metric tensor H ij defined by (1.8) . Complete representation for the hv-curvature tensor P k i mn can be found in the end of Appendix A below.
The tensor P ijkl given by (1.18) is totally symmetric in all four of its indices and, owing to (1.9), is entailing the identities
which in turn entail
The sufficiency in Theorem 3 is easy to verify by direct (two-night-long!) computations. As regards the necessity, the representation (1.10)-(1.11) given by Theorem 1 proves to be not only elegant but also handy in permitting the equationȦ i = 0 to be resolved, using a rather simple Lemma proven in Section 3. The shortest way to arrive at the representation (1.18) stated by Theorem 4 is to apply the Finslerian formula (3.1) of Section 3.
The Landsberg-characteristic condition (1.16) entails the equality
and also the identity
(supplementary to (1.13)). If we consider the b-lines which comprise the congruence tangent to the vector field b i (x), noting also the Riemannian unity (see (2.5) below in Section 2) for the length of the vectors b i , we are justified in concluding from (1.23) that the following proposition is a truth. 
The commutator 
where
This just entails the representationȦ
which is equivalent to (1.10). The vector (1.32) fulfills the identities
. Below, in Section 2 we formulate rigorously the basic concepts which underline the notion of the F F P D g -space. The Finsleroid-Finsler metric function, K, given by the explicit formulas (2.14)-(2.18), is defined by the triple: a Riemannian metric S, a 1-form b, and a scalar g(x). We attribute to the vector b i (x) of the 1-form the geometrical meaning of the direction of the axis of the Finsleroid supported by a point x ∈ M, and to the scalar g(x) the meaning of "the geometric charge", particularly "the Finsleroid charge". Would the charge g(x) be zero, the function K reduce to the Riemannian S. The special and lucid algebraic form (2.27)-(2.28) of the associated Cartan tensor gives rise to many essential simplifications, including the constant curvature of the Finsleroid indicatrix. The explicit formula (2.34) is proposed for the angle that equals the length of a piece of the Finslerian unit circle on the Finsleroid indicatrix (the meaning of such an angle complies totally with the ordinary meaning of the Euclidean "induced angle" on the tangent spheres in the Riemannian geometry). Having obtained the angle, we obtain the scalar product, too. In Section 3 we place the arguments which verify the validity of the above theorems. In Section 4 the structure of the associated curvature tensor is elucidated in various aspects.
In Section 5 we open up the remarkable phenomenon that the Landsberg-type F F P D g -space is underlined by a warped product metric of the associated Riemannian space with respect to the b-geodesic coordinates.
In Section 6 we indicate a convenient possibility to re-formulate the theory in the indefinite case of the time-space type. The resultant space will be referred to as the F F Appendix A summarizes the important representations which support the calculations involved.
Positive-Definite Case
Let M be an N-dimensional differentiable manifold. Suppose we are given on M a Riemannian metric S = S(x, y), where x ∈ M denotes points and y ∈ T x M means tangent vectors. Denote by R N = (M, S) the obtained N-dimensional Riemannian space.
Let us assume that the manifold M admits a non-vanishing 1-form, to be denoted as β = β(x, y), and introduce the associated normalized 1-form b = b(x, y) such that the Riemannian length of the involved vector be equal to 1. With respect to natural local coordinates in the space R N we have the local representations
The decomposition
introduces a Riemannian metric q on the (N − 1)-dimensional Riemannian space R N −1 ⊂ R N given rise to by the orthogonality relative to the 1-form b, for from (2.4) and (2.5) it follows that
Finally, we introduce on M a scalar field g = g(x) subject to ranging 9) and apply the convenient notation
The characteristic quadratic form
where g + = 1 2 g + h and g − = 1 2 g − h, is of the negative discriminant
and, therefore, is positively definite. In the limit g → 0, the definition (2.11) degenerates to the quadratic form (2.6) of the input Riemannian metric tensor:
In terms of these concepts, we extend the notion of the Finsleroid metric function K proposed early in the framework of the Minkowski space (see [12] [13] [14] ) and introduce the following definition adaptable to consideration on manifolds.
Definition. The scalar function K(x, y) given by the formulae K(x, y) = B(x, y) J(x, y) (2.14) and J(x, y) = e 1 2 GΦ(x,y) ,
is called the Finsleroid-Finsler metric function.
The positive (not absolute) homogeneity holds fine: K(x, λy) = λK(x, y) for all λ > 0.
Sometimes it is convenient to use also the function
We have
Definition. The arisen space
is called the Finsleroid-Finsler space.
Definition. The space R N entering the above definition is called the associated Riemannian space.
Definition. Within any point T x M, the Finsleroid-metric function K(x, y) produces the Finsleroid Under these conditions, we can explicitly calculate from the function K the distinguished Finslerian tensors, and first of all the covariant tangent vectorŷ = {y i }, the Finslerian metric tensor {g ij } together with the contravariant tensor {g ij } defined by the reciprocity conditions g ij g jk = δ k i , and the angular metric tensor {h ij }, by making use of the following conventional Finslerian rules in succession:
Calculations show that the determinant of the associated Finsleroid metric tensor is everywhere positive:
After that, we can elucidate the algebraic structure of the associated Cartan tensor 
which is in fact a mere adaptation of the Cartan tensor structure known in the FinsleroidMinkowski approach developed in [12] [13] [14] . Elucidating the respective tensor
describing the curvature of the indicatrix results, upon using (2.27), in the simple representationR
. Inserting here (2.28), we are led to the following remarkable assertion. The indicatrix curvature tensor (2.29) of the space F F P D g is of the special structure such that
Recalling the known formula R = 1 + S * for the indicatrix curvature (see Section 1.2 in [1]), from (2.29) and (2.30) we conclude that
Geometrically, the fact that the quantity (2.32) is independent of vectors y means: The Finsleroid indicatrix is a space of constant positive curvature.
Given any two nonzero tangent vectors y 1 , y 2 ∈ T x M of a fixed tangent space, we can, by following the previous work [12] [13] [14] , obtain the F F P D g -scalar product
g -distance ∆s between ends of the vectors in the tangent space is given by the formula
which extends the ordinary Euclidean cosine theorem. At equal vectors, the reduction
takes place, that is, the two-vector scalar product (2.33) reduces exactly to the squared Finsleroid-Finsler metric function. These scalar product and angle obviously exhibit the symmetry:
They are entirely intermediary, supporting by a point x ∈ M of the base manifold M (in just the same sense as in the Riemannian geometry) and being independent of any vector element of support. The angle (2.34) furnishes actually the ordinary meaning of the arc-length s cut off by a geodesic piece on the indicatrix:
Namely, considering the indicatrix together with the geodesic curves thereon, we can calculate the length of the geodesic piece which joins the ends of the unit vectors l 1 = y 1 /K(x, y 1 ) and l 1 = y 2 /K(x, y 2 ), thereby obtaining the right-hand part in (2.34). Taken (2.38) to be the definition for the angle, the explicit representation (2.34) can be verified by direct calculation of the arc length over the Finsleroid indicatrix; the same angle is derivable by postulating the cosine theorem (2.35) (see the previous work [12] [13] [14] ). The formula (2.34) assigns the angle to be a length of a piece of the Finslerian unit circle on the Finsleroid indicatrix. Whenever the Finsleroid charge is zero, g = 0, the Finslerian angle (2.34) reduces to the ordinary Riemannian angle arccos
. In particular, if we consider the angle α {x} (y) formed by a vector y ∈ T x M with the Finsleroid axis in a fixed T x M, from (2.33) we get the respective value to be
B(x, y) . In any Finsler space subjected to the Landsberg-type condition the equality
(see (12.4.1) on p. 326 of the book [7] ) holds. In the F F P D g -space under study, the representations (A.23) and (A.24) may be used to just conclude from (3.1) that
in terms of the lengthened angular metric tensor H ij (defined by (1.8)). The representation (3.2) is beautiful but only suggestive, assigning a necessary condition. To gain the full sufficient condition for the F F P D g -space to be of a Landsberg type, we are to straightforwardly calculate the objectȦ i , taking into account the constancy (1.6) of the Finsleroid charge and the vanishing b j ∇ i b j = 0 (see (1.13)). On so doing, we arrive at merelyȦ
with P i being given by (1.11). This representation (3.3) can readily be rewritten in the form (1.10).
It is easy to prove the following.
Lemma. In the F F P D g -space with g = const = 0,
Indeed, the right-hand side of the obtained representation (3.3) for the objectȦ i is such that the vanishingȦ i = 0 takes place if and only if the vector P i is a linear combination of u i = a ij y j and b i :
(the tensor H ik is of the rank N − 2 and at each point x ∈ M has the isotropic plane spanned by the vectors u i = a ij y j and b i because of the identities (1.9)). To agree with the identity b i P i = 0 (see (1.14)), we must put k 2 = −bk 1 , obtaining
If we apply here the operator b k ∂/∂y k and take into account the vanishing r ij b j = 0 (see (2.7)), together with b k ∂q/∂y k = 0 (which is tantamount to (2.7)), we may conclude that b j ∇ j b i = 0, whence in (3.6) the term y j ∇ j b i must be proportional to u i − bb i . Therefore, the examined conditionȦ i = 0 reduces to
where k is a factor. Since here the vectors y j ∇ j b i and u i − bb i = (a ij − b i b j )y j are linear functions of the set {y j }, the factor k may not depend on y j . Therefore,
Differentiating the last result with respect to y j just yields 
For the vector u m = a mn y n we get
after which we obtain
10) 12) and
This leads to Kḃ = kq 2 ,λ = B q 3ḃ , (3.14)
and
It is the implication (3.14) that turns the suggestive representation (3.2) into the conclusive result (1.18).
We have 
Here,
kn is the Riemannian curvature tensor associated with the input Riemannian metric S; k n is the vector (1.28). The Berwald case in this theorem is conditioned by k = 0.
From (4.1) we find the tensor
(the use of the formula (A.18) of Appendix A is convenient), and then the full hh-curvature tensor 
from (4.3) it follows that the tensor
can explicitly be written as
(with a nikm = a ij a n j km ), which can also be written in terms of the lengthened angular metric tensor as follows:
The symmetry R ik = R ki (4.10) and the identity y i R ik = 0 (4.11)
are obviously valid.
From (4.3) the contracted tensor is found:
im , (4.12) entailing the following expression for the total contraction of the curvature tensor:
The tensor (4.12) is non-symmetric:
The contraction
is obtained. Let us consider also the Ricci tensor
the Ricci-deflection vector
and the Ricci-deflection tensor
We obtain upon direct calculations the following lucid representations in terms of the lengthened angular metric tensor:
The identities Υ n y n = 0, 19) .
To lower the index in the curvature tensor (4.3) we must apply the explicit expression (see (A.2) in Appendix A below) for the Finsleroid metric tensor. On so doing, and using the contractions b j R n j km = b j a n j km = − k k r nm + k m r nk (see (1.27)) and
we obtain the result
, which can be simplified to read
Let us use this representation to evaluate the contracted tensor g nm R nikm (the contravariant components of the metric tensor involved are given by (A.3) in Appendix A below). We get in succession:
(which confirms (4.8)), together with
The result of calculations is the following:
Simplifying yields
Whenever k n = f b n , we obtain
27)
and The fact that the Finsleroid-axis 1-form b is closed (see (1.15)) and the b-lines are geodesics (see (1.23) and Proposition 1) can be used to introduce on the background Riemannian space R N = (M, S) the b-geodesic coordinates, to be denoted as z i = {z 0 , z a }, such that with respect to such coordinates we shall have
(we have used the unit length (2.5) and the nullification (2.7)), obtaining the square of the Riemannian line element ds of R N = (M, S) to be the sum
and the Landsberg-characteristic condition (1.16) to read 1 2
the indices a, b, c are specified over the range 1, . . . , N − 1.
Solving the last equation by the help of the representation
we can convert the sum (5.3) into the sum
which says us that ds is a warped product metric. To emphasize the fact that the product property (5.7) has appeared upon specifying the z 0 -coordinate line to be tangent to the Finsleroid-axis vector field b i (x), we shall attribute to the space and metric obtained the quality of being of the b-warped product type. Thus we have the following.
Theorem 6. An F F P D g -space is of the Landsberg type if and only if the associated Riemannian space is a b-warped product space and the Finsleroid charge g is a constant.
The warped product type of the Riemannian space was nicely exposed in the section 13.3 of the book [7] (and we follow the terminology used therein). In that source, the interesting special class of warped products that is characterized by the condition that the function φ(z i ) be independent of z c was introduced and considered. Accordingly, we call the associated Riemannian space special b-warped space if the sum (5.7) is simplified to be (ds)
where t = z 0 . In this case from (5.4)-(5.6) it follows that the function k, and hence the field k n = ∂k ∂x n + k 2 b n introduced in accordance with (1.28), may depend on only t = z 0 . Therefore, when treating with respect to the b-geodesic coordinates, we have the proportionality of k n to b n . However, the last proportionality is tensorial and must remain valid in terms of any admissible coordinates. Thus the following theorem may be stated to hold. 
It is the condition (5.9) under which we have obtained the simplified representations (4.27)-(4.30) in the previous section.
It is also interesting to specialize the Landsberg-type F F 
hold, k is not a constant, the equalities 
Indefinite (Relativistic) Case
The positive-definite case (to which the previous four sections were devoted) can be juxtaposed with a indefinite pseudo-Finsleroid case, assuming the input metric tensor {a ij (x)} to be pseudo-Riemannian with the time-space signature:
Namely, attempting to generalize the pseudo-Riemannian geometry in a pseudoFinsleroid Finslerian way, we are to adapt the consideration to the following decomposition of the tangent bundle T M:
which sectors relate to the cases that the tangent vectors y ∈ T M are, respectively, time-like, upper-cone isotropic, space-like, lower-cone isotropic, or past-like. The sectors are defined according to the following list:
We use the convenient notation
(instead of (2.10)),
12)
14)
15)
The following identities hold
18)
together with the g-symmetry
It is implied that g = g(x) is a scalar on the underlying manifold M. All the range −∞ < g(x) < ∞ (6.21) (instead of (2.9)) is now admissible. We also assume that the manifold M admits a normalized 1-form b = b(x, y) which is timelike in terms of the pseudo-Riemannian metric S, such that the pseudo-Riemannian length of the involved vector b i be equal to 1. With respect to natural local coordinates in the space R N we have the local representations 
is now of the positive discriminant
(compare with (2.11) and (2.12)). In terms of these concepts, we propose
Definition. The scalar function F (x, y) given by the formulas The positive (not absolute) homogeneity holds:
are now to be used instead of (2.18) and (2.19), so that (2.20) changes to read It can be verified that the Finslerian metric tensor constructed from the function F given by (6.32) does inherit from the tensor {a ij (x)} the time-space signature (6.1):
(6.38)
The structure (2.27) for the Cartan tensor remains valid in the pseudo-Finsleroid case, now with
Elucidating the structure of the respective indicatrix curvature tensor (2.29) of the F F SR gspace again results in the special type (2.30), with S * = 1 4 g 2 , so that
(compare with (2.32)) and
=⇒ R pseudo-Euclidean Sphere = −1.
The pseudo-Finsleroid indicatrix is a space of constant negative curvature.
By analogy with (2.33) and (2.34) we obtain the F F SR g -scalar product
and the F F SR g -angle
The F F SR g -distance ∆s between ends of the vectors in the tangent space is now given by the formula
The pseudo-Finsleroid analogue of the angle (2.39) between the Finsleroid axis and a vector now reads
All the motivation presented in previous Sections 4 and 5 when elucidating the Berwald and Landsberg cases, can be repeated word-for-word in the present indefinite type, with slight changes in formulas.
Conclusions
Thus, we have geometrized the tangent bundle by the help of the Finsleroid, resp. pseudo-Finsleroid, in the positive-definite approach, resp. indefinite approach of the relativistic signature. Under the particular condition g = const, the Finsleroid metric function K, resp. the pseudo-Finsleroid metric function F , is defined by a 1-form b and a Riemannian, resp. pseudo-Riemannian, metric. In general, they involve also a scalar, the "geometric charge" g(x).
Both the metric functions, K defined by (2.14) and F defined by (6.32), are positively, and not absolutely, homogeneous of the degree 1: K(x, λy) = λK(x, y), λ > 0, together with F (x, λy) = λF (x, y), λ > 0. Also, they are reversible in the extended sense
The traditional symmetry assumption K(x, −y) = K(x, y), as well as F (x, −y) = F (x, y), remains valid for the vectors y ∈ T x M obeying b(x, y) = 0, and is violating otherwise unless g = 0.
Each metric function, K and F , is rotund around the Finsleroid axis and, therefore, reflects the idea of the spherical symmetry in the spaces of directions orthogonal to the axis. Their indicatrices are spaces of constant curvature, namely positive in case of K and negative in case of F .
The Finslerian and pseudo-Finsleroid spaces arisen are naturally endowed with the inner scalar product and the concept of angle.
We have deduced the affirmative and detailed answers to all the two questions posed in the beginning of the present paper. Moreover, we have supplemented the answers by explicit and rather simple representations for the key geometric objects associated thereto. A particular peculiarity is that the respective Landsberg-case tensor A i|j proves to be proportional to the lengthened angular metric tensor H ij , according to (1.19) . Surprisingly, the tensor H i j proves to be entirely independent of the Finsleroid charge g (see (A.16) in Appendix A below), that is of whether the Finsleroid extension of the underlying Riemannian geometry is performed or not. In this respect, the tensor is universal and is free tractable in, and coming from, the entire context of the underlying Riemannian space.
Having an F F P D g -space with constant Finsleroid charge, calculations of the hvcurvature tensor P k i mn yield the result explicitly in terms of the lengthened angular metric tensor H mn (see (1.18 ) and the end of Appendix A below) and, in the Landsberg-case thereto, the structure of the associated hh-curvature tensor R n i km can clearly be explained by the help of the explicit representations (4.1)-(4.30) obtained, in particular the Riccideflection vector and tensor are remarkably proportional to the tensor H n m in accordance with (4.21) and (4.22) .
The comprehension of the Landsberg case F F P D g -space in terms of the category of a warped product structure (to which Section 5 was devoted) seems to be a constructive and handy idea.
The C ∞ -class smoothness, though appears frequently in publications devoted to Finsler geometry and might outwardly sound as being a desirable attractive tune, is ordinarily ill-incorporating in designs of particular Finslerian metric functions. Our examples K and F used are not total exclusions from this rule, namely the functions are analytic along any direction except for that which points in, or opposite to, the direction of the By following the book [7] , we say that the Finsler space is y-global if the space is smooth and strongly convex on all of the slit tangent bundle T M 0. In many cases it is important to supplement the notion by explicit indicating the degree of smoothness. The following assertions are valid. The 
(obtained by deleting out in T M 0 all the directions which point along, or oppose, the directions given rise to by the Finsleroid-axis 1-form b; the value q = 0 just corresponds to such directions in view of the initial formulas (2.3) and (2.7)), provided the C ∞ -smoothness is assumed for the input Riemannian space R N = (M, S), the 1-form b, and the scalar g(x).
Above our consideration was everywhere referred to local vicinities of the points x ∈ M of the underlying manifold. Let us ponder over the possibility to construct global F F P D g -structures. In the Berwald case, that is when k = 0, the tensor r ab (z i ) looses the dependence on z 0 (as this is evident from (5.4)), so that the underlying Riemannian space R N = (M, S) must be locally the Cartesian product of an (N − 1)-dimensional Riemannian space R N −1 and an interval of a one-dimensional Euclidean space R, with the r ab (z c ) playing the role of the Riemannian metric tensor of the former space and the Finsleroid-axis 1-form b being tangent to the latter space. In particular, on the product Riemannian spaces is a constant via the condition (1.6), the Riemannian case being occurred if only g = 0.
The Landsberg scalar J is zero if and only if the Finsleroid charge g(x) is a constant. The two-dimensional analog to the Cartan tensor structure (2.27) is the representation A ijk = I(x)A i A j A k with the main scalar I(x) = |g(x)| which is the function of position x only. The components of A i are singular at only q = 0 (the formula (A.7) in Appendix A is applicable to the two-dimensional case), whence the quantity I(x) is meaningful on all the indicatrix I x ⊂ T x M except for the top and down points. At first sight, a suspicion may arise that we contradict to the known and remarkable theorem (see pp. 278 and 279 in the book [7] ) which claims that the independence of the main scalar of tangent vectors entails strictly the Riemannian case, that is, I = I(x) entails I = 0. However, an attentive consideration of the conditions under which the theorem has been settled out just reveals the fact that the conditions imply the y-global smoothness of at least class C 3 to be valid for the Finsler space. It is the lack of the y-global property of the class C 3 that is the reason why the two-dimensional F F P D g -space is spared the fate of degenerating to become Riemannian and occurs being of the Berwald type proper. All the formulae obtained in Section 4 for the hh-curvature tensor are applicable at N=2. In particular, the formula (4.6) shows that Ric at N = 2 is not zero.
Comparison with the Randers space brings to evidence many interesting interrelations. Let the dimension N be more than 2. It should be noted first of all that the nature of the Berwald case can easily be clarified in the F F With the notation u k = y n a nk , the direct calculations of the covariant tangent vector and Finslerian metric tensor on the basis of the Finsleroid metric function K given by (2.14) yield
The reciprocal components (g ij ) = (g ij ) −1 read
We also obtain 4) and
The determinant of the tensor (A.2) is everywhere positive:
By the help of the formulas (A.2)-(A.4) we find
together with
These formulas are convenient to verify the algebraic structure (2.27) and the contraction (2.28). Also,
with
The last tensor fulfills obviously the identities
which in turn entails
because A i are linear combinations of y i and b i (see (A.8)). We also have The structure (2.27) of the F F P D g -space Cartan tensor is such that showing the total symmetry in all four indices and the properties where the right-hand side agrees exactly with the right-hand side of (1.31). It is also easy to verify that upon the Landsbergian condition (1.16) the above tensor P k i mn given by (A.38) reduces to the tensor (1.18).
